Abstract. A finite simple graph Γ determines a quotient P Γ of the pure braid group, called a graphic arrangement group. We analyze homomorphisms of these groups defined by deletion of sets of vertices, using methods developed in prior joint work with R. Randell. We show that, for a K 4 -free graph Γ, a product of deletion maps is injective, embedding P Γ in a product of free groups. Then P Γ is residually free, torsion-free, residually torsion-free nilpotent, and acts properly on a CAT(0) cube complex. We also show P Γ is of homological finiteness type F m−1 , but not F m , where m is the number of copies of K 3 in Γ, except in trivial cases. The embedding result is extended to graphs whose 4-cliques share at most one edge, giving an injection of P Γ into the product of pure braid groups corresponding to maximal cliques of Γ. We give examples showing that this map may inject in more general circumstances. We define the graphic braid group B Γ as a natural extension of P Γ by the automorphism group of Γ, and extend our homological finiteness result to these groups.
Introduction
For 1 ≤ i < j ≤ n, let H ij be the linear hyperplane in C n defined by the equation x i = x j . Let Γ be a simple graph with vertex set V = {1, . . . , n} and edge set E Γ ⊆ V 2
. The graphic arrangement determined by Γ is the complex hyperplane arrangement A Γ = {H ij | i < j, {i, j} ∈ E Γ }. The associated graphic arrangement group, or graphic pure braid group, is the fundamental group P Γ = π 1 (U Γ ) of the complement U Γ = C n \ H∈A Γ H of the graphic arrangement A Γ .
, then Γ = K n is the complete graph on V , A Γ is the braid arrangement of rank n−1, U Γ is the configuration space of n distinct labelled points in C, and P Γ is the n-strand pure braid group P n . The Artin presentation of P n has generators a ij corresponding to the full twist of strands i and j. In terms of the arrangement A Γ , a ij is represented by a certain meridian about the hyperplane H ij . For a general graph Γ, the group P Γ is the quotient of P n obtained by setting generators a ij equal to 1, for {i, j} ∈ E Γ . Thus elements of P Γ are represented by pure braids, modulo level-preserving isotopies, in which pairs of strands corresponding to non-edges of Γ are allowed to cross, or as a group of motions of points in the plane where those pairs of points are allowed to collide.
The full braid group B n is an extension of P n by the symmetric group S n :
1 −→ P n −→ B n −→ S n −→ 1.
The surjection B n −→ S n is the natural one which sends a braid to the induced permutation of its set of endpoints. The automorphism group Aut(Γ) of the graph Γ is the subgroup of S n consisting of those permutations that induce permutations of E Γ . There is a corresponding subquotient B Γ of B n which is an extension of P Γ by Aut(Γ):
1 −→ P Γ −→ B Γ −→ Aut(Γ) −→ 1.
We call B Γ the graphic full braid group corresponding to Γ; it is isomorphic to the orbifold fundamental group of the quotient of the "partial configuration space" U Γ by the action of Aut(Γ) -see Section 7.
The induced subgraph of Γ on vertex set X ⊆ V is the graph Γ X with vertices X and edge set E Γ ∩ X 2 . Then A Γ X is the set of hyperplanes of A Γ containing the coordinate subspace defined by x i = 0 for i ∈ V \ X, hence is a localization, or flat, of A Γ . One has an inclusion U Γ → U Γ X , inducing a homomorphism ρ X : P Γ −→ P Γ X . If X ⊆ 2 V is a collection of pairwise incomparable subsets of V , denote by ρ X the product homomorphism
These homomorphisms were analyzed in a general setting in Sections 3 and 4 of [6] . In this paper we apply the results that paper to deduce consequences concerning residual and homological finiteness properties of graphic pure and full braid groups, for some families of graphs.
A subset X of V is a clique of Γ if
⊆ E Γ ; if X has cardinality k we may say X is a k-clique. If X is a clique of Γ then P Γ X is isomorphic to the pure braid group P |X| ; since there is no risk of confusion, in this case we write P Γ X as P X . A graph Γ is K 4 -free if Γ has no cliques of cardinality four.
A group G is residually free (respectively, residually torsion-free nilpotent) if no nontrivial element lies in the kernel of every homomorphism from G to a nontrivial free (respectively, torsion-free nilpotent) group. The pure braid group P n is residually torsion-free nilpotent for every n [14, 23] , while the full braid group B n is not residually nilpotent for n ≥ 5, since the commutator subgroup [B n , B n ] is perfect for these n [16] . Since P 4 is not residually free [7] , neither P Γ nor B Γ is residually free if Γ is not K 4 -free.
Let Γ be a K 4 -free graph. Let X = X (Γ) be the family consisting of the 3-cliques and maximal 2-cliques of Γ. Our main result is that the corresponding homomorphism ρ X is injective. Since the groups P X , X ∈ X are products of free groups, it follows that P Γ is residually free, residually torsion-free nilpotent, residually finite, indeed linear, torsion-free, and has solvable word and conjugacy problems. As a subgroup of a right-angled Artin group, P Γ acts properly and freely (and B Γ acts with finite stabilizers) on a CAT(0) cube complex, properly but not cocompactly. Consequently P Γ , and its finite extension B Γ , are a-T-menable groups [4] .
Our argument extends to graphs containing 4-cliques, with the family X including maximal k-cliques of Γ for k = 2, 3, 4, provided no two 4-cliques intersect in a 3-clique. For these graphs the group P Γ embeds in a product of free groups and copies of P 4 , implying P Γ is torsion-free, linear, residually finite, residually torsion-free nilpotent, and acts properly and freely on a CAT(0) complex. If Γ is not K 4 -free then P Γ is not residually free. We give examples to show ρ X may still be injective when the intersection condition is not satisfied. The analysis of those examples utilizes semidirect product structures on P Γ , arising from cliques of Γ, which leads to the notion of a graphic discriminantal arrangement -see Section 4.
A group G is of type F m if and only if there is a K(G, 1) having the homotopy type of a CW-complex with finite m-skeleton [3] . A further consequence of our main result is that, for a K 4 -free graph Γ, the group P Γ is of type F m−1 and not of type F m , where m is the number of 3-cliques in Γ, provided the incidence graph of E Γ with X contains a cycle; if not then ρ X is an isomorphism. If Γ is not K 4 -free we are unable to draw conclusions about finiteness type due to the current lack of a precise description of the higher Bieri-Neumann-Strebel-Renz invariants of P 4 , as noted in [28] . The full graphic braid group B Γ contains P Γ as a subgroup of finite index, hence B Γ is of type F m if and only if P Γ is. However, the group B Γ need not be torsion-free nor residually nilpotent -see Section 7.
The paper is structured as follows. In Section 2 we recall the Artin presentations of B n and P n and collect some consequences needed for our analysis. Then in Section 3 we recall the main results of [6] . In Section 4 we define graphic pure braid groups and establish that families of cliques have the requisite property to apply the method of [6] . Given a clique of Γ, we identify a corresponding splitting of P Γ as a semidirect product. In Sections 5 and 6 we prove the homomorphism ρ X described above is injective, for graphic pure braid groups associated with K 4 -free graphs, or with graphs containing 4-cliques with no common 3-cliques, and derive some consequences. We give an example showing that ρ X may still be injective, even if the aforementioned hypotheses are not satisfied. Finally in Section 7 we define graphic braid groups and extend our finiteness results to those groups.
Braids and pure braids
Let B n be Artin's braid group on n strands, with generators σ 1 , . . . , σ n−1 satisfying the braid relations:
As a geometric braid, σ i is represented by a positive half twist of strands i and i + 1. See, for instance, [1] as a general reference on braids.
The braid group B n may also be realized as a subgroup of the automorphism group of the free group F n = x 1 , . . . , x n via the Artin representation. In particular, the element of Aut(F n ) corresponding to the braid generator σ i is given by
Let S n be the group of permutations of [n] = {1, . . . , n}. The function mapping σ i to the transposition s i = (i, i + 1) extends to a surjective homomorphism p : B n −→ S n , whose kernel is by definition the n-strand pure braid group P n . The Artin generators a ij of P n are given by
Here and throughout the paper, we may write subscripted ordered pairs or sets as strings of letters or digits, without ambiguity, e.g., a ij means a i,j . As a geometric braid, a ij is represented by a positive full twist of strands i and j (behind the intermediate strands). In terms of the braid arrangement, a ij is represented by a meridian loop about the hyperplane H ij .
The pure braid group P n = F n−1 · · · F 2 F 1 admits the structure of an iterated semidirect product of free groups. For r < s, the action of P r on F s−1 = x 1 , . . . , x s−1 = a 1,s , . . . , a s−1,s is given by the restriction of the Artin representation (1). The iterated semidirect product structure is in evidence in the standard presentation of P n , with generators a i,j as above, and relations
For each m < n, forgetting the last n − m strands of an n-strand pure braid gives rise to a split extension
The group P n,m = F n−1 · · · F m , generated by a i,j with m < j, may be realized as the fundamental group of the complement of the discriminantal arrangement A n,m (in the sense of [26] ). This arrangement may be realized with the (affine) hyperplanes
The complement is the configuration space of n − m distinct labelled points in C \ {m points}. The split extension (3) may be obtained from the long exact homotopy sequence of the Fadell-Neuwirth bundle of configuration spaces
with fiber the complement of A n,m in C n−m , which admits a section [11] . The presentation of P n with relations (2) above is equivalent to the more compact "Artin presentation", as in [22] . The generating set is {a ij | 1 ≤ i < j ≤ n} and the relations arise from 3-and 4-element subsets of V = {1, . . . , n} as follows:
[a ij , a rs ] = 1 if i < r < s < j or r < s < i < j; (ii)
[a ij , a sj a rs a
When the conditions of (i) hold, or the same hold with (i, j) and (r, s) interchanged, we call the partition ij|rs non-crossing; otherwise ij|rs is crossing, and relation (ii) applies, again possibly with (i, j) and (r, s) interchanged.
Remark 2.1. For r < s < j, the pure braid relations (iii) imply that, for instance, a sj a rs a −1
rj a rs a rj , since a rs a rj a sj = a rj a sj a rs . Using this and related observations, for r < i < s < j, (conjugates of) the pure braid relation (ii) may be expressed in the following equivalent ways:
[a ij , a ri a rs a
By definition, P n is a normal subgroup of B n . For the purposes of Section 7 we will also need a particular description of the action of the braid generators σ i on P n . Proposition 2.2 ( [8, 10] ). The conjugation action of B n on P n is given by
Finally, for the purposes of Section 6, we recall the fact [1] that the center Z(P n ) of the pure braid group is infinite cyclic, generated by the full twist
The quotient P n /Z(P n ) is isomorphic to the fundamental group of the complement of the projectivization of the rank n − 1 braid arrangement.
Retractive families
Let G be a group with finite generating set Y . For S ⊆ Y denote by G S the quotient of G by the normal closure of the complement Y \ S. That is, G S is obtained from a presentation of G by adding the relations y = 1 for generators y ∈ Y lying outside of S.
A retractive family is a family X ⊆ 2 Y of pairwise incomparable nonempty sets with the property that every nonempty intersection of subsets of X and every singleton {y} for y ∈ X is retractive.
If the abelianization G/[G, G] is free abelian of rank |Y |, then the singleton {y} is a retractive set for every y ∈ Y . This will be the case in our setting. We will also use the following criterion. Let F (Y ) denote the free group on the set Y . If S ⊆ Y we consider F (S) to be a subgroup of F (Y ). Let
Proof. The hypothesis implies that the identity map S −→ S induces a welldefined homomorphism G S −→ S inverse to the quotient map S −→ G S .
If S ⊆ Y is a retractive set, we tacitly identify G S with the subgroup
Y is a family of pairwise incomparable sets, we say a subset of Y is transverse to X if it is not a subset of any element of X . We will apply the following result from [6, Section 3]. 
Graphic pure braid groups
Let Γ be a graph with vertex set V = [n] = {1, . . . , n} and edge set
\ E Γ denote the set of edges of the complete graph K n not in Γ. Let S be the normal closure of a subset S of a group. Definition 4.1. The graphic arrangement group or graphic pure braid group associated with Γ is the quotient
Using the Van Kampen theorem one can show that P Γ is isomorphic to the arrangement group π 1 (U Γ ), where U Γ = C n \ H∈A Γ H as in the Introduction. To simplify notation, we will denote the image of a ij in quotients of P n also by a ij , with the meaning made clear from the context. We will apply the results of Section 3 to P Γ with its generating set Y = {a ij | {i, j} ∈ E Γ }.
The graphic pure braid group P Γ admits semidirect product structure analogous to that of the pure braid group exhibited in (3), arising from a clique in Γ. Recall the subgroup P n,m = ker(P n −→ P m ) from Section 2.
be a clique in Γ, and let N = a ij | {i, j} ∈ E Γ in P n . Then there is a split extension
Proof. Note that, for {i, j} ∈ E Γ with i < j, we have m < j. Then a ij ∈ ker(P n −→ P m ) = P n,m . It follows that N is, in fact, a (normal) subgroup of P n,m . So by the third isomorphism theorem, we have (P n /N )/(P n,m /N ) ∼ = P n /P n,m ∼ = P m , yielding a short exact sequence as asserted. One observes that the splitting of the pure braid sequence (3) descends to a splitting of the sequence 1 −→ P n,m /N −→ P Γ −→ P m −→ 1, completing the proof.
Remark 4.3. The group P Γ n,m = P n,m /N is also an arrangement group, isomorphic to the fundamental group of the complement of the arrangement obtained from the discriminantal arrangement A n,m by removing the hyperplanes x j = i for 1 ≤ i ≤ m < j ≤ n, and x j = x i for m < i < j ≤ n, when {i, j} ∈ E Γ . This is the graphic discriminantal arrangement A Γ n,m , associated to a graph Γ on n vertices with a given m-clique.
As shown in [17, Lemma 4.2] , the edge sets of cliques of Γ are precisely the connected modular flats of the cycle matroid of Γ. So the clique X of Theorem 4.2 corresponds to a modular flat of the graphic arrangement A Γ . The split exact sequence of this theorem arises from the linear fibering of arrangement complements associated with a modular flat [25] . Combined with [13, Section 4] , we obtain the following generalization. A graph Γ is the generalized parallel connection of its induced subgraphs Γ 1 and Γ 2 along X if
. In particular, X is a clique, and hence a modular flat in Γ 1 , Γ 2 , and Γ. Write Γ = Γ 1 ∪ X Γ 2 . For i = 1, 2, denote the vertex set of Γ i by V i and let n i = |V i |.
there is a pullback diagram of groups
(ii) there is a commuting diagram of split short exact sequences
Proof. In [25] it is shown that the inclusion U Γ 1 −→ U X , with X a modular flat in Γ 1 , is equivalent to a locally trivial fibration with a section. In [13] , the notion of generalized parallel connection of arrangements is defined, and shown to correspond to a pullback diagram of modular fibrations. The graphic arrangement of a generalized parallel connection of graphs is the generalized parallel connection of corresponding graphic arrangements, so the pullback diagram applies to the graphic arrangement complements U Γ , U Γ i , and U X , inducing the pullback diagram in (i). The lower row in (ii) is the exact sequence of Proposition 4.2. The exactness of the upper row, and commutativity of the diagram, follow from the fact that the pullback diagram in (i) is induced by a pullback diagram of locally trivial fibrations. Statement (iii) follows from the definition of pullback diagram.
In the special case Γ 1 = K n , n > m, Proposition 4.4 appears in [6] . Without loss, take X = [m]. Since X is clique in Γ 2 , the set of linear functions {x 1 , x 2 , . . . , x m } is a generating set for the arrangement A Γ 2 in C n 2 in the sense of [6, Section 2]: all differences x i − x j , 1 ≤ i < j ≤ m, are nowhere zero on the complement U Γ 2 . Consequently, the map f : 
there is a commuting diagram of split short exact sequences
(ii) P Γ embeds in P Γ × P m+1 ; (iii) P Γ embeds in a product of pure braid groups if and only if P Γ does.
Remark 4.6. By (iii) above, if Γ is an iterated generalized parallel connection of complete graphs, then P Γ embeds in a product of pure braid groups. These are precisely the chordal graphs, and the corresponding graphic arrangements are fiber-type [27, Prop. 2.8]. With this observation, the embedding of P Γ in a product of pure braid groups follows from [5] .
We now identify some retractive subsets of Y = {a ij | {i, j} ∈ E Γ }. To simplify statements, we will say a subset X of V is retractive if the set {a ij | i, j ∈ X} is a retractive subset of Y . Proposition 4.7. Let X ⊆ V be a clique. Then X is retractive.
Proof. This follows from Theorem 4.2 and Corollary 3.3.
Alternatively, one can use the Artin presentation to verify the hypothesis of Proposition 3.2 directly as follows.
e., the relation [a ij , a rs ] = 1 in P n becomes 1 = 1 in P X . Suppose ij|rs is crossing. If K ⊆ X then, because X is a clique, ϕ X ([a ij , a sj a rs a . If K ∈
Proof. Since each edge {i, j} ∈ E Γ is a clique, and the intersection of any family of cliques of Γ is a clique of Γ, the statement follows from Proposition 4.7.
Recall the pure braid group indexed by strands in X ⊆ V is denoted by P X . A family X of cliques in Γ gives rise to the product homomorphism
from the graphic pure braid group to a direct product of pure braid groups.
Example 4.9. If X is any family of proper cliques in the complete graph Γ = K n , the kernel of ρ X contains the (nontrivial) group of n-strand Brunnian braids, hence ρ X is not injective.
In light of the preceding example, we will let X (Γ) denote the set of maximal cliques in the simple graph Γ. \{{4, 5}}. Note that Γ is chordal. Then X (Γ) is the family {{1, 2, 3, 4}, {1, 2, 3, 5}} of two maximal cliques in Γ. Deletion of the fifth vertex defines the split surjection P Γ −→ P 1234 of Theorem 4.2, which is the pullback of the deletion map P 1234 −→ P 123 along the deletion map P 1235 −→ P 123 -see Proposition 4.4.
Since this is a pullback diagram, the map ρ X (Γ) = (ρ 1234 , ρ 1235 ) : P Γ −→ P 1234 × P 1235 is injective.
Remark 4.11. In general, the group P Γ may be realized as the limit of a diagram of groups on the nerve of the family X (Γ), with vertex groups P X and split surjections P X −→ P X for X ⊇ X . See [18] for analogous observations concerning the holonomy Lie algebra of the graphic arrangement A Γ .
Based on Proposition 4.4, Corollary 4.5, and Example 4.10, one might speculate that the map ρ X (Γ) is injective for all graphs Γ. In the next section, we find conditions on the graph Γ which ensure that ρ X (Γ) is injective
K 4 -free graphs
With the results of the preceding section we are able to apply Theorem 3.4 to P Γ under some conditions. There is no loss in assuming Γ has no isolated vertices, so |X| ≥ 2 for X ∈ X (Γ). By Proposition 4.8 we have the following. Thus the hypotheses of Theorem 3.4 hold in our setting. It remains to verify conditions (i) and (ii) of that theorem. To simplify terminology, we will say a set of elements of Y is transverse to X (Γ) when it is transverse to the corresponding family in 2 Y . The following result is originally due to D. Malcolm [21] . Proof. First suppose |{i, j, r, s}| = 3. Since S is transverse to Y , S is not a subset of any 3-clique of Γ, hence one of the three elements of S 2 lies in E Γ and the corresponding pure braid generator maps to 1 in P Γ . Then the pure braid relation (4) (iii) implies that the other two generators commute in P Γ , that is, [a ij , a rs ] = 1 in P Γ . We leave the case-by-case verification to the reader.
Suppose {i, j, r, s} = 4. If ij|rs is non-crossing, then [a ij , a rs ] = 1 in P n , hence in P Γ , by (4) (i). Suppose ij|rs is crossing; without loss of generality, r < i < s < j. Since S is not a 4-clique of Γ, one of the four elements of S 2 \ {{i, j}, {r, s}} lies in E Γ , so the corresponding pure braid generator maps to 1 in P Γ . Then, using (4) (ii) or one of the consequent relations listed in Remark 2.1, we conclude [a ij , a rs ] = 1 in P Γ .
We will verify condition (ii) of Theorem 3.4 using the following. Lemma 5.3. Let X be a 3-clique in a graph Γ, and let g ∈ P Γ . Suppose [g, a ij ] = 1 for two of the three elements {i, j} ∈ S 2
. Then [[P X , P X ], g] = 1.
Proof. By (4) (iii), P X has presentation a, b, c | abc = bca = cab . Let x = abc. Then P X = x, y, z | [x, y] = [x, z] = 1 , with y and z equal to any two of a, b, c. Setting F = y, z , one has P X ∼ = x × F , so [P X , P X ] = [F, F ]. Since y and z may be chosen so that g centralizes F , it follows that [[P X , P X ], g] = 1.
Proof. By hypothesis, the set X (Γ) of maximal cliques in Γ consists of 2-and 3-cliques. We may assume X is a 3-clique in Γ. By Lemma 5.3 and Proposition 5.2, [[P X , P X ], a rs ] = 1 in P Γ if a rs together with any two of the three generators of P X forms a set transverse to X (Γ). This must be the case, since X ∪ {r, s} has cardinality at least 4.
Proof. This is now a consequence of Theorem 3.4, using Propositions 4.7, 5.2, and 5.4. Corollary 5.6. Suppose Γ is a K 4 -free graph. Then P Γ is residually free, torsion-free, residually torsion-free nilpotent, linear, and residually finite. Moreover P Γ acts freely and properly on a CAT(0) cube complex.
Proof. For each X ∈ X (Γ), P X is isomorphic to F 2 × Z if |X| = 3, or to Z if |X| = 2. Then the properties in the first list hold for each P X , and are preserved under direct products and inherited by subgroups, hence hold for P Γ by Theorem 5.5. The product
P X is a right-angled Artin group, so acts freely and properly on a CAT(0) cube complex, hence P Γ does as well by Theorem 5.5.
The arrangement A Γ associated to a K 4 -free graph Γ is a decomposable arrangement, so by [6, Prop. 4.5.6] , the residual nilpotence of P Γ implies that every braid monodromy presentation of P Γ is "conjugation-free." See [6] and the references therein for details.
The existence of the geometric action of Corollary 5.6 implies P Γ is a-T-menable, which has several strong consequences [4] . This action is not cocompact in general -see Corollary 6.6.
The results above have a slight generalization, based on the analogue of Lemma 5.3 for 4-cliques.
Lemma 5.7. Let X be a 4-clique of Γ and g ∈ P Γ . Suppose [g, a ij ] = 1 for five of the six elements {i, j} of
Proof. Let z be the image of the central element ∆ 2 ∈ P n under the quotient map P n −→ P X . Then P X is generated by z , which is central, and any five of the six elements a ij , {i, j} ∈ Proof. Because X is clique and {r, s} ⊆ X, the hypothesis implies there is at most one t ∈ X such that {r, s, t} is a 3-clique. Then {a ij , a rs } is transverse to X (Γ) for at least five of the six elements {i, j} of We will refer to the hypothesis of Proposition 5.8 by saying that the 4-cliques of Γ are almost disjoint. This property holds when the submatroids of the cycle matroid of Γ corresponding to the 4-cliques meet in at most one point.
Theorem 5.9. Suppose the 4-cliques of Γ are almost disjoint. Then
Proof. This now follows from Theorem 3.4 using Propositions 4.7, 5.2, 5.4, and 5.8.
Corollary 5.10. Suppose the 4-cliques of Γ are almost disjoint. Then P Γ is torsion-free, residually torsion-free nilpotent, linear, and residually finite. If Γ is not K 4 -free then P Γ is not residually free. Moreover, P Γ acts freely and properly on a CAT(0) complex.
Proof. Since P 2 ∼ = Z, P 3 ∼ = F 2 × Z, and P 4 have the listed properties, which are preserved under direct products and inherited by subgroups, the first statement follows from Theorem 5.9. Since P 4 is not residually free [7] , the second statement follows from Proposition 4.7. By [2] , B n , n = 2, 3, 4, acts freely and properly on a CAT(0) complex, hence P Γ does as well.
In this setting the geometric action may or may not be cocompact. It is not known whether P 4 is an a-T-menable group.
The hypothesis of Theorem 5.9 is not strictly necessary, as we have already seen in Example 4.10. As in this example, if Γ is a graph on at most |V | = 5 vertices, then either Γ is K 4 -free or Γ has a (|V |−1)-clique. In either instance, the map ρ X (Γ) is injective. see the accompanying figure. The graph Γ has 4-cliques meeting in 3-cliques. Also, the induced subgraph Γ 1456 is a 4-cycle, so Γ is not chordal. Nevertheless, the map ρ X (Γ) is still injective, as we now sketch.
The homomorphism ρ X (Γ) is given by
Let P Γ 6,4 = P 6,4 / a 45 , a 16 be the group of the graphic discriminantal arrangement A is. This restriction has image contained in the subgroup F 3 × F 3 × P 2356 of P 1235 × P 2346 × P 2356 , where F 3 < P 1235 is generated by {a 15 , a 25 , a 35 }, F 3 < P 2346 is generated by {a 26 , a 36 , a 46 }, and P 2356 = ker(P 2356 −→ P 23 ). p ) be such a monic commutator, a weight p bracket arrangement, where y i ∈ Y is a generator of P Γ 6,4 and i = ±1 for each i, see [20, 6] for details. Since w is transverse to X , w must involve at least one generator of P Γ 6,4 not in S 3 . Without loss, assume w involves a 15 . Then, w must also involve one of the generators a i6 , 2 ≤ i ≤ 5, not in S 1 . We show that w = 1 in P Γ 6,4 by induction on the bracket weight p ≥ 2. In the base case p = 2, up to conjugation and taking inverses, w = [a i6 , a 15 ] = 1, since a 15 commutes with a i6 in P Γ 6,4 as noted above. For If {a 15 , a i6 } ⊆ {y 1 , . . . , y k }, then β k (x 1 . . . , x k ) = 1 by induction, and w = 1. Similarly, w = 1 if {a 15 , a i6 } ⊆ {y k+1 , . . . , y p }.
Without loss, assume that a i6 ∈ {y 1 , . . . , y k } and a 15 ∈ {y k+1 , . . . , y p }. The subgroup N generated by {a 26 , a 36 , a 46 , a 56 } is normal in P 
This completes the induction on , and hence the induction on p. It follows that the maps ψ and ρ X (Γ) are injective.
Remark 5.12. The homomorphism ρ X (Γ) is, in fact, injective for any graph on fewer than 7 vertices. As noted previously, this is the case for graphs on at most 5 vertices. For the complete graph K n , the map ρ X (Kn) is simply the identity map of the pure braid group P n . If Γ is obtained from K 6 by either deleting a single edge, or by deleting two adjacent edges, then Γ satisfies the hypotheses of Corollary 4.5, which may be used to show that ρ X (Γ ) is injective. Deleting two nonadjacent edges from K 6 results in a graph isomorphic the graph Γ of Example 5.11. It remains to consider subgraphs obtained from Γ by deleting edges. Deleting the edge {2, 3} results in a K 4 -free graph Γ , and ρ X (Γ ) is injective by Theorem 5.5. Deleting any one of the edges in the 4-cycle subgraph Γ 1456 results in a graph Γ satisfying the hypotheses of Corollary 4.5, which may be used to show that ρ X (Γ ) is injective. Deleting one of the remaining edges, say {2, 6}, results in a graph Γ for which the associated graphic discriminantal arrangement A Γ 6,4 is a decone of the arrangement A(3, 2, 2) considered in [6, Section 4.4] . The injectivity of the restriction of ρ X (Γ ) to the graphic discriminantal arrangement group P (a) Characterize the graphs Γ for which ρ X (Γ) is injective.
(b) Characterize the graphs Γ for which P Γ embeds in a product of pure braid groups.
Homological finiteness type
We return to the general setting of Section 3 to recall some further results from [6, Section 4] . Let G be a group with finite generating set Y = {y 1 , . . . , y n }. Assume that z = y 1 y 2 · · · y n is central in G, and let G = G/ z . Let X ⊆ 2 Y , and for S ∈ X let ρ S : G −→ G S be the canonical quotient map and
Let Λ X be the incidence graph of Y with X , that is, Λ X is the bipartite graph with vertex set Y ∪ X and edges {y, S} for y ∈ S. In the statements below, Λ X is to be considered as a 1-dimensional cell complex. The next three propositions are proved in [6] .
Proposition 6.1. Suppose Λ X is connected. Then the kernel of ρ X projects isomorphically onto the kernel of ρ X . In particular, if ρ X is injective, then ρ X is injective. 
is a free abelian group of rank equal to the first betti number of Λ X .
Now suppose G S is a free group for every S ∈ X . Then one can apply the results of [24] to identify the homological finiteness type of ρ X (G). Refer to [6] for the details of the computation. Recall, a group G is of type F P m if there is a partial resolution of Z as a trivial Z[G]-module of finite type and length at most m. If G is finitely-presented, then G is of type F P m if and only if there is a K(G, 1) space with finite m-skeleton, in which case G is said to have type F m . Our groups are all finitely-presented, but to avoid a conflict of notation in the sequel, we will use the former notion. . We apply the results stated above with G = P Γ , Y = {a ij | {i, j} ∈ E Γ }, and X = X (Γ) ⊆ 2 Y corresponding to the set of maximal cliques of Γ. Let z ∈ P Γ be the image of the full twist ∆ 2 under the quotient map P n −→ P Γ . Then z is central in P Γ and z = y 1 y 2 · · · y m , where Y = {y 1 , . . . , y m } is labeled compatibly with the factorization of ∆ 2 from Section 2. The group P Γ = P Γ / z is isomorphic to the fundamental group of the complement of the projectivization of the graphic arrangement A Γ . Theorem 6.4. Suppose Γ is a connected graph in which every maximal clique has cardinality three. Let m be the number of 3-cliques in Γ, and let Λ Γ be the incidence graph of edges and 3-cliques in Γ.
(
and not of type F P m .
Proof. The hypotheses imply that Γ is a K 4 -free graph, that X = X (Γ) consists of 3-cliques, and that Λ Γ = Λ X . Since Γ is connected and has no maximal 2-cliques, Λ X is connected. By the pure braid relations, the projectivized groups P X , X ∈ X , are isomorphic to F 2 , the rank-two free group. Then by Theorem 5.5 and Proposition 6.1, the homomorphism
embeds P Γ into the product (F 2 ) m of free groups, where m = |X |. Since two 3-cliques share at most one edge, it is the case that |S ∩ S | ≤ 1 for all S, S ∈ X , S = S . Statements (i) and (ii) then follow from Propositions 6.2 and 6.3. The first conclusion above can be deduced from the main result of [15] , see also [9, Section 5] .
The projection P Γ −→ P Γ splits, so P Γ ∼ = P Γ × Z, yielding similar statements for P Γ .
Corollary 6.5. Let Γ be a connected graph in which every maximal clique has cardinality 3. Let m be the number of 3-cliques in Γ, and let Λ Γ be the incidence graph of edges and 3-cliques in Γ.
Proof. The groups P X , X ∈ Λ Γ , are isomorphic to F 2 × Z, yielding the first statement. The second follows from [24] , with the observation that the clique complexes of the graphs associated to the right-angled Artin groups (F 2 ) m and (F 2 ) m × Z m have the same connectivity.
Recall that a hyperplane arrangement A in C is called a K(π, 1) arrangement if its complement U A = C \ H∈A H is an aspherical space. Corollary 6.6. Suppose Γ is a K 4 -free graph. Let Λ Γ be the incidence graph of edges and 3-cliques in Γ. Let A Γ be the graphic arrangement associated with Γ. If Λ Γ contains a cycle, then A Γ is not a K(π, 1) arrangement.
Proof. By deleting edges from Γ, one can obtain an induced subgraph Γ of Γ satisfying the hypothesis of Theorem 6.4. The corresponding graphic arrangement A Γ is a localization of A Γ , and is not a K(π, 1) arrangement because P Γ = π 1 (U Γ ) is not of finite type, while the arrangement complement U Γ has the homotopy type of a finite complex. It follows that A Γ is not K(π, 1) -see [25, 12] .
Graphic braid groups
The full and pure braid groups are related by the short exact sequence
Proposition 2.2 yields the following description of the conjugation action of B n on P n . Proposition 7.1. Let σ ∈ B n and let s = p(σ) ∈ S n . Let 1 ≤ i < j ≤ n, and let {s(i), s(j)} = {r, s} with 1 ≤ r < s ≤ n. Then σa ij σ −1 is a conjugate of a rs by an element of P n .
Proof. The statement holds for the generators σ i of B n , by Proposition 2.2, and that implies the result since the conjugation action is homomorphic.
Let Γ be a simple graph on vertex set V = [n] and edge set E Γ ⊆ 2 V as before. The automorphism group of Γ is the subgroup Aut(Γ) of S n consisting of those elements s for which {s(i), s(j)} ∈ E Γ for all {i, j} ∈ E Γ . Recall the graphic pure braid group P Γ is the quotient of P n by the normal subgroup N normally generated by {a ij | {i, j} ∈ E Γ }, where E Γ is the complement of E Γ in V 2
. LetB Γ = p −1 (Aut(Γ)) ⊆ B n . Then P n ⊆B Γ .
Corollary 7.2. The normal subgroup N of P n is normal inB Γ .
Proof. Let σ ∈B Γ and 1 ≤ i < j ≤ n with {i, j} ∈ E Γ . Let s = p(σ). Then s ∈ Aut(Γ), so {s(i), s(j)} ∈ E Γ . The statement then follows from Proposition 7.1.
Definition 7.3. The graphic braid group B Γ associated with Γ is the quotientB Γ /N ofB Γ = p −1 (Aut(Γ)) by the normal subgroup N normally generated by the pure braids a ij , {i, j} ∈ E Γ . Proof. This follows immediately from Corollary 7.2.
Remark 7.5. The group Aut(Γ) acts on the graphic arrangement complement U Γ . The fundamental group of the space of orbits C Γ n can be interpreted as the group of braids that permute their endpoints by automorphisms of Γ, modulo level-preserving isotopy, with the strands corresponding to non-edges of Γ allowed to cross. The action of Aut(Γ) on U Γ is not free in general, but one can interpret B Γ as the orbifold fundamental group of the orbit space C Γ n , giving, as in [19] , a topological interpretation of the short exact sequence above:
Example 7.6. Let Γ be the graph with vertex set V = [3] and edge set E Γ = {{1, 2}, {1, 3}}. The graphic arrangement complement U Γ is {(x, y, z) ∈ C 3 | x = z, y = z}, homeomorphic to (C × ) 2 ×C. The automorphism group Aut(Γ) is generated by the transposition s 2 = (23); the points of U Γ on the plane y = z are fixed by Aut(Γ).
The groupB Γ is generated by {a 12 , a 13 , σ 2 }, and the graphic braid group B Γ is the quotient of this group by the normal subgroup N of P 3 generated by a 23 = σ The preceding example shows that B Γ need not be torsion-free. The same phenomenon occurs for any graph Γ having an automorphism that interchanges two non-adjacent vertices. Higher-order torsion arises in the same way in many examples: for instance, if Γ is the n-wheel then B Γ has elements of order n. Thus B Γ is not residually free in general, and may have infinite cohomological dimension; it is not clear if the latter can be the case for P Γ . The results of the preceding section do apply to B Γ . Theorem 7.7. Let Γ be a connected graph with every maximal clique of cardinality 3. Let m be the number of 3-cliques in Γ, and let Λ Γ be the incidence graph of edges and 3-cliques in Γ. Assume Λ(Γ) has no isolated vertices. If b 1 (Λ) > 0 then B Γ is of type F P m−1 and not of type F P m .
Proof. Since P Γ is a subgroup of finite index in B Γ , the statement follows from Corollary 6.5 and [3, Prop. 5.1].
